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Abstract 


This paper is dedicated to studying the algebraic structure generated from the fusion of two-fold algebras 
with the standard fuzzy number theoretical system, where the novel fuzzy algebraic structure will be 
defined with a well-defined binary operation, and then its substructures will be studied concerning the 
corresponding operation such as hyper/under ideals, and two-fold fuzzy homomorphisms. Also, many 
examples will be illustrated to clarify the validity of our work. 
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1. Introduction and preliminaries 

The concept of two-fold algebra is considered one of the modern concepts in logical algebraic structures, 
as it was first introduced in 2024 by the American mathematician and philosopher Smarandache [7]. 
The concept of two-fold algebra is mainly based on combining a classical algebraic structure and fuzzy 
or neutrosophic coefficients symbolizing different degrees of belonging or truth [7]. 

Fuzzy algebraic structures have been studied throughout history by many researchers, for example, the 
fuzzy group [1-3], the normal fuzzy groups [4], and even intuitionistic fuzzy groups [5-6]. 

In [8], Abobala formulated the theory of numbers through fuzzy logic, where he introduced concepts 
related to congruencies, Diophantine equations, and even division using fuzzy functions, which he called 
the fuzzy number theoretical systems, where many diverse fuzzy number theoretical systems were 
defined, the most important of which is the standard system. 

In this paper, we take advantage of the standard fuzzy number theoretical system by combining it with 
two-fold algebra, in order to obtain a new fuzzy algebraic structure, we called the two-fold fuzzy number 
theoretical algebra. 

This algebraic structure has many interesting substructures associated with it, of which we mention for 
example two-fold homomorphisms, two-fold hyper ideals, and two-fold under ideals. 

We now recall some important definitions for us in this study. 

Definition: [7] 

Let U be a universe of disclosure and a non-empty neutrosophic set A Cc U, 

A(T, 1, F) = {x(TA(x),IA(x), FA(x)), (TA(x), IA(x), FA(x)) © [0,1]3,x € U}. Where 

TA(x), [A(x), FA(x) are degrees of truth-membership, indeterminacy-membership and falsehood- 
membership of the generic element x with respect to the set A. 

Definition: [8] 

Let Z be the ring of integers, u: Z —]0,1] be a membership function, we say that (Z, ) is a fuzzy 
number 

theoretical system. 

Definition: [8] 

Consider the following membership function: : Z —]0,1] such that: 


(x) = {= if x is not zero, and (0) =1. 


Then (Z, 4) is called the standard fuzzy number theoretical system (SFNTS) 
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2. Main Concepts and Discussion 
Definition: 


0 
Let w:Z >]0,1]; w(x) = fi’ ee , we define the two-fold algebra of standard fuzzy number 


1; x=0 
theoretical system A,= {X,t); t,x € Z} with the following binary operation: 
* >A, X A, A, such that: 
Xue) * Vacs) = @ F+W ucyacsys HY € Z. 
Example: 
Consider = 3 ,y = —2, then Xycx) * Yury) = (3 — 2) yay. w(-2) = 12 
6 


Considerx =5,y=0,t=2,s =1, then: 
Xy(e) * Yuis) = © + Opayuay = 52 


Theorem: 
Let A, be the two-fold algebra of the standard fuzzy number theoretical system, then: 
1] * is a well-defined operation. 
2] * is commutative. 
3] * is associative. 
4] * has an identity 
5] * is anti- inverse operation. 
Proof: 
1] Let xu = X'ueen » Yucs) = Y'ucsr» then: 

*u(e) * Yucs) = & + Vucusy = @ FY) 2. 

ney xy! u(s) = =(x’+y uenusy) = =(x’+y oa hence: 
s 
Xy(t) * Yas) = X' wey * "wes - 
2) Xue) * Vues) = + v4, =(yt eee = Vu(s) * Xn): 
3] Xue) * us * Zu) = Xue) * Y + es =(«tyt Sr =(«+ ee | * “= = (Xyce) * Yucsy) * 
Ss 

Zu) 

4] Consider h = Oyo) = O,, then: 

Xu(t) * Ou(o) = = (x+ Oj1 = =XxX1 =X w(t)? hence h = O 

|¢| Tel 

5] If Yu(s) is the inverse of x u(t)> then: 


u(o) iS an identity. 


Xut) * Yu(s) = Ouro), hence (x aor i = 0,, thus y=-x and |s| =— €]0,1], thus * is anti-inverse 


operation. 
Remark: 
We denote the two-fold algebra of the standard fuzzy number theoretical system by (TFAs). 
Definition: 
Let P be an ideal of the ring Z, we define the corresponding hyper-ideal of A, as follows: 
AM= {xy XE Pt € Z}. 
The corresponding under-ideal of A, is defined as follows: 
Aw@)= (Xu: tEeP XE Z}. 
Theorem: 
Let P be an ideal of Z, then: 
1] A®) is closed with respect to *. 
2] Ap) is closed with respect to *. 
3] Ons) € AM for all s € Z 
Proof: 
1] Let xy(1), Yucs) € A, then (x, y) € P, (s,t) € Z, thus: 
Xuct) * Vucs) = (4 + ne € A®), that is because x + y € P 
ts| 
2] Let Xy(t), Yucs) © Arp), then (x,y) € Z, (t, 5) € P, hence: 
Xuct) * Vu(s) = (x + es =(x+ Y) ucts) x+y e€Z,ts € P, hence 


Xue) * Yucs) © Ac) 
3] It holds directly from the definition. 
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Theorem: 
Let P,Q be two ideals of Z, then: 
1] IfP SQ, we get AME A® 
3] AP) Nn AM= Ana) 
4] Aw) 9 A(ay= Avena) 
Proof: 
1] Let xy) € AY, then x € P € Q, andt € Z, thus 
Xuty € AM and AME A, 
2] It can be proved by a similar argument. 
3] Let x) € A®) then x € PN Q andt € Z, thus: 
Xuty EAP NAM, 
Conversely, if x,¢¢) € A®) Nn A@) thenx €P,x EQ, t € Z, hence Xucty € APN), 
4] It can be proved by a similar argument. 
Definition: 
Let P,Q be two ideals of Z, then: 
Atoy= (Xue: X € Pt € Qh is called a two fold hyper-under ideal (HU-ideal) of As. 
If P=Q, then it is called a regular HU-ideal or (RHU-ideal). 
Theorem: 
Let P, Q, R, S be four ideals of Z, then: 

(P) (R)_ , (PAR) 
Aig 1 Ais) = Avens): 
Proof: 

(PNR) 
Let X(t) E Mansy? 
(P) (R) 

xe Ao) fa) Ais): 
Conversely, if Xycty) E A fal ee thenx € P,x ER,t €Q,t €S, so that Xyct) E A 


Theorem: 
Let P,Q be two ideals of Z, then: 


P — alP) 
AM N A@= Avy: 
Proof: 


thenx € PNR,t EQNS, thus: 


(PNR) 
(Qns)* 


P 
Xe) € AM 


Xut) © Aca) 
So that, x € P, t € Q and xy) € A‘). 


Let Xu(t) E AP) fa) A): then 


Conversely, if Xucty E A then x € P,t € Q and 


P 
ae eae) 


Xue) © Ava) 
Definition: 


Let w, be a non empty subset Ag, then (w,,*) is called a two-fold subalgebra if and if w, is closed under 
* 


* hence Xu(t) E AP) fa) Aq): 


Definition: 
Let P,Q be two ideals of Z, we define: 
1] AP x AM= {(xy ey, Yucsy)s X € Py € Q,(t,5) € Z}. 
2] Ay X Avan= (uct Yury) CY) EZ, EP, SEQ} 
3] A®) x A= (uty Yucsy)i xEP,tEZse QV E Z} 
Definition: 
Let f: A,— A, be a mapping, we say that (f) is a two-fold algebra homomorphism if: 
1] f pee) * Yucsy) = Fup) * f Once). 
1] If (f) is a bijection, then it is called a two-fold algebra isomorphism. 
Definition: 
Let g ,h:Z — Z such that: 
ee ty) =9X) +90) 
h(x.y) = h(x)h(y) 
We define the regular two-fold algebra homomorphism f(g,) as follows: 
fon): : A,> A, with: fign) (pty) = I(Xyncty)- 
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It is clear that fg n)(Xpct) * Yucs)) = fign) [ox + vy) | =g(x+y)_1 =(9(@)+90)) 1 1 = 
|ts| A(lts|) ACtDACs) 
(9 @)) a *(g O)) a = fen (Xue) * fan Wu) 


aL 
nel 
Theorem: 
Let f(g,g) be a regular two-fold algebra homomorphism, then: 
1] If A® is a hyper ideal, then fig,,)(A®) ¢ Aw) 
2] If Ay is an under ideal of As, then fg.g)(Ac)) S Acgcey) 


3] If A is a hyper-under ideal of A,, then: 


fgg) (Ar) = A is a hyper-under ideal of As. 


Proof: 

1] First, we must prove that fig g)(A) © Atg@)) 

Let Yucs) © f¢g.g)(A®), then there exists x,r) € AY such that f(g 9)(%yct)) = 9%) (45 € AQ) thus 
|¢| 


fa. n(A) 5 as 

2) Let Xycty © fog.) (Aw), then there exists ys) € Acpy such that: X,(¢) = fig.g) (urs) = 92, 
thus: 

x= g(Y), t= g(\sl), hence Xu(t) = Age) and fig.g) (Aw) i= Agr) 
3] It holds directly from (1) and (2). 

Example: 

Consider =< 2 > , Q =< 3 5, then: 

AM = {(2x) yay, x EZ, t € Z}, 

A®M= {(3x) ye), x EZ, t € Z}, 

AP) Nn A@M= APIO = (6x) way, x EZ, t € Z}. 

Ap = {Myy, xe Z, ce Z}, 

Aw = {(%) nat), xe Z, te Z}, 

A(p) fa) A@= Aveng)= {) wer)» xe Z, te Z}. 

A= (2X) waxy, X EZ, t € Z}, 


Avy X A@= (Myer ucasy)i% Hts € Z, 
AP) x A@M= ((2x) uct), (3y) ws) iY t,s EZ, 
A® x Ma= (2X) wy Mus) %¥ ts €Z, 
Example: 
Consider:g, h: Z > Z such that: 
g(x) = 5x, h(y) = y’, we have: 
ae +y)=9X) +90) 

A(xy) = h(x) hy) 
Define f(g,n): 4s Ag such that: 
fon (Xue) = (9@),nw)) = ee - COs 
The mapping f(g) is a two fold homomorphism. 


Also, ker (ftgn)) = {%yct) E A; such that fig,n) (Xycty) = Ou(0)}> so that { 


ker fog,n)) = {Ou(0)» Anca) Ouc-1)3- 

Definition: 

Let fog,,n4) f(go,h2)! Ms As be two-fold homomorphisms, then 
We define. fog,n1) ° f(g2,h2): As As Such that: 


fgsns) ° Segara) (Xue) = Feoreganren) (Xueey) = (9: ° G2 (£)u(igenato)) 
We denote to the set of all two fold algebra homomorphisms by Fs. 
Remark: 
Since (0) is associative, and non-commutative, then: 
O: Fs X Fs > Fs is associative and non-commutative operation, with Fi, as an identity, where [:Z > Z 
such that T(x) = x. 
Example: 
Consider 91, g2,h,,h2:Z > Z such that: 


5x =0 , hence: 
t?=1>t=1 


27 


DOI: https://doi.org/10.54216/JNFS.070202 
Received: May 18, 2023 Revised: September 19, 2023 Accepted: November 14, 2023 


International Journal of Neutrosophic and Fuzzy Systems (IJNFS Vol. 07, No. 02, PP. 24-29, 2023 


91 (X) = 2x, g2(x) = 3x, hy (x) = x*, hp(x) = x*, we have: 
flaunyy As? As? figs.ny) Suey) = (ex), 


fegasng) As As? fega.na) (Xue) = S)4; 


foun) . fgan2)' A,> As: foun) - IC) (xy) = (oxy 
Theorem: 
Let A®, A(q) be two hyper/under two fold ideals of A,, then: 


1] A® is two fold subalgebra of A,. 
2] A(g) is two fold subalgebra of A,. 


3] Ay is two fold subalgebra of A, 

Proof: 

1] Let Xue), Yucs) € A®, then x, y € P, t,s € Z, thus: 

Xu(t) * Vu(s) = (X + Vues) € A, that is because x,y € P, hence (A“?).*) is closed under (*), and A? 
is two fold subalgebra of A,. 

2] Let Xue) Yucs) € AY, then x,y € Z, t,s € Q, thus: 

Xu(t) * Vu(s) = (*€ + Y) ces) © Ac@y, that is because x + y € Z, ts € Q and (A(g),*) is closed and then it 
is a two fold subalgebra. 

3] If holds directly from (1) and (2). 

Remark: 

If Xu(t) e As, then [Xue] = fa ee 


Definition: 
Let Xy(t), Yucs) € As, we Say that X,(¢)~Yycs) if there exists Z,¢¢) € A, such that: X(t) * Zy(c) = Vu(s)- 
Remark: 
If Xy(t)~Vuls)> then: there exists z,c € Z such that, 
x+Z=y Z=y-xXx 
1 iis _ Isl = |t\|Is| 
ltc|  |s| 
Example: 
4.4(5)~2y (10), that is because: there exists (—2),,:2) € As such that: 4,(5)~(—2) y(2) = 210) 
Remark: 
If t]s, then x,(t)~Yyis) for all x,y € Z 
Theorem: 
Let Xu(t)» Vu(s)» Zu(c) E As, then: 
1) Xyy~Xuo: 
2) If xXpcty~Yucsy and Yy(s)~Xycey » then |s| = |t]. 
3] If Xp cey~Yuis) aNd Yucsy~Zy(e) » them Xy(e)~Zu(c): 
Proof: 
1] Since t|t , we get that x,¢¢)~Xyct): 
2] If xXycty~Yucsy and Yu(s)~Xyey, then t|s and s|t, thus |s| = |¢]. 


t| 


Ss 
3] If Xycey~Yys) and Yy(s)~Zy(c)» hence ee , thus t]¢ and xy(t)~Zy(c)- 


3. Conclusion 

In this paper, we have defined an algebraic structure generated from the fusion of two-fold algebras with 
the standard fuzzy number theoretical system with a well-defined binary operation. Also, many of its 
substructures were studied concerning the corresponding operation such as hyper/under ideals, and two- 
fold fuzzy homomorphisms. On the other hand, we have presented many to clarify the validity of our 
work. 
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